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ABSTRACT - Experimental and simulation measurements of water flow through carbon 
nanotubes have shown orders of magnitude higher flow rates than what was predicted using 
continuum fluid mechanics models. Different explanations have been offered, from slippage of 
water on the hydrophobic surface of the nanotubes to size confinement effects. In this work a 
model capable of explaining these observations, linking the enhanced flow rates observed to the 
solid-liquid molecular interactions at the nanotube wall is proposed. The model is capable of 
separating the effects on flow enhancement of the tube characteristic dimensions and the solid-
liquid molecular interactions, accurately predicting the effect of each component for nanotubes of 
different sizes, wall surface chemistry and structure. Comparison with the experimental data 
available shows good agreement.  
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1 Introduction 
Experimental results have shown higher than expected water flow rates through 
carbon nanotubes (CNTs) with enhancements of up to 10,000 times compared to 
the values calculated using classical continuum fluid mechanics models used at 
the macroscale (Whitby and Quirke 2007; Mattia and Gogotsi 2008). The 
available results cover a wide range of CNT diameters (0.8 to 44 nm) and lengths 
(2 to 280 m), wall structures (from fully ordered and graphitic to disordered 
turbostratic carbon) and applied pressures (0.1 to 100 MPa), (Holt et al. 2006; 
Majumder et al. 2005; Whitby et al. 2008; Qin et al. 2011; Majumder et al. 2011). 
Molecular dynamics (MD) simulations of water flow through CNTs have shown 
comparably high enhancements, while suggesting that this effect is due to the 
specific interactions between the nanotube wall and the fluid  (Joseph and Aluru 
2008; Thomas and McGaughey 2008; Thomas et al. 2010; Nicholls et al. 2011) . 
This has been in part confirmed by experiments showing that the wettability of 
CNTs by water can be controlled by modifying the nanotubes’ wall surface 
chemistry and structure (Mattia et al. 2006a; Mattia et al. 2006b; Majumder and 
Corry 2011). 
Despite these results, an explicit dependence of the water flow rate through CNTs 
on the tubes’ radius, wall surface chemistry or structure has not yet been 
determined. This is mainly due to the absence of an explicit term linking solid-
liquid molecular interactions to flow in the Navier-Stokes equations. In classical 
fluid dynamics this limitation is overcome using semi-empirical parameters such 
as the friction factor (Celata et al. 2006), which are not necessarily applicable at 
the nanoscale and, in any case, do not explain the origin of the observed effects. In 
the experimental conditions used in the papers cited above, the Navier-Stokes 
equations reduce to the Haagen-Poiseuille equation with slip at the wall. As such, 
a majority of researchers have, so far, focused on establishing an indirect link via 
the slip length, a parameter defined as the hypothetical distance from the channel 
wall where the extrapolation of the parabolic velocity profile reaches zero (Neto et 
al. 2005). The slip length has been related to measurable quantities such as contact 
angle, roughness, viscosity and others (Lauga et al. 2005). The dependence of the 
slip length with the contact angle is the most interesting, since it is intuitive to 
think that how a liquid wets a surface can affect how it flows onto it, even though 
no contact angle is present in the conditions where the Haagen-Poiseuille equation 
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is used as there is no liquid-vapour interface. The best known model relating the 
contact angle to the slip length, originally developed by Tolstoi, is based on the 
difference in mobility between fluid molecules in contact with a hydrophobic wall 
and those in the bulk (Blake 1990). This model assumes that when a polar liquid, 
such as water, is in contact with a hydrophobic surface, the attraction between 
liquid molecules is stronger than the attraction of the same molecules to the solid 
(Israelachvili 1991; Zettlemoyer 1968), as confirmed by contact angle and surface 
force apparatus measurements (Fox and Zisman 1950; Neto et al. 2005). As a 
consequence, liquid molecules will try to minimize the interaction with the 
surface, leading to an increased velocity compared to bulk molecules, under the 
action of an external field such as a pressure gradient. On a hydrophilic surface, 
on the other hand, polar liquid molecules would be slowed down due to a more 
favourable solid-liquid interaction. While this model envisages an exponential 
dependence of the slip length on the contact angle, which could potentially justify 
the high enhancement values observed experimentally, it is based on hard to 
measure parameters referring to the solid-liquid couple. A partial solution to this 
problem has been proposed in (Myers 2010), where the liquid flowing through a 
CNT is modelled as a two-phase system with the water molecules in a thin 
annular region near the tube wall having different transport properties than the 
bulk liquid. This model is in agreement with MD simulations showing different 
liquid concentrations at the wall compared to the bulk (Joseph and Aluru 2008). 
Furthermore, one can focus on the non-zero velocity at the wall which, unlike the 
slip length, has a clear physical meaning. Based on the same premises as Tolstoi’s 
theory, Ruckenstein derived a model for the velocity at the wall as a function of 
the surface diffusion of water molecules on a hydrophobic surface (Ruckenstein 
and Rajora 1983). The diffusion along the tube surface is due to the chemical 
potential gradient caused by the pressure gradient along the tube.  
In this paper, a model capable of separating the effects on flow enhancement of 
the tube characteristic dimensions and the solid-liquid molecular interactions, 
accurately predicting the effect of each component for nanotubes of different 
sizes, wall surface chemistry and structure has been derived. This has been 
achieved by deriving a novel expression for the velocity at the wall. Comparison 
with experimental and MD data shows good agreement. 
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2 Fluid Flow Model 
The proposed model is based on the Haagen-Poiseuille equation for steady state, 
laminar flow through a pipe with a circular cross-section. This model, therefore, 
lies within the continuum fluid dynamic range. MD results have shown that this is 
the case for nanotubes with diameters equal to or greater than 1.66 nm (Thomas 
and McGaughey 2009). A two-fluid system with reduced viscosity in an annular 
region close to the wall (Myers 2010) has been adopted to account for variations 
in liquid density observed in MD simulations (Thomas and McGaughey 2008; 
Pascal et al. 2011) and predicted by Tolstoi’s model: 
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where ui  i=1,2( ) and  1,2i i   are the velocity in the axial direction of the tube 
and the dynamic viscosity, respectively, in the two regions of the pipe, and /p L  
is the externally applied pressure gradient; the other terms in the equation are 
defined in Figure 1. Here 1  is assumed to be equal to the bulk water viscosity 
(Thomas and McGaughey 2008).   
 
 
Fig. 1 Schematic of the geometry of the two-fluid model for water flow inside carbon nanotubes 
 
 
 
 
 
5 
 
The boundary conditions that guarantee continuity of the velocity and of the shear 
stress and mass conservation are: 
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where   is the slip length. 
By solving Equations (1) with the boundary conditions given in Equations (2) the 
velocity profiles are parabolic, and integrating them over the radius of the channel 
in each section, yields the fluid flow, Q . This is the quantity actually measured in 
the experimental observation discussed in the introduction. The flow enhancement 
is defined as the ratio of experimental (or novel model) Q  over the no-slip 
Haagen-Poiseuille one, where 0   : 
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 (3) 
This is a more general expression for the flow enhancement and it depends on the 
choice of the three parameters 2 ,   and  .  The first two can be fixed following 
previous reports: The thickness of the annular region at the wall is taken as 
0.7  nm, approximately two water molecule diameters (Myers 2010; Joseph 
and Aluru 2008). Values for 2  have been found to be a function of the tube 
diameter (Thomas and McGaughey 2008), as reported in Appendix A.  
 
3 Effect of Solid-Liquid Interactions on Flow 
Velocity 
Once 2  and   are fixed, the sole remaining parameter in the equations above is 
 . As discussed in the introduction, the physical meaning of this parameter is not 
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clear. From Equation (2), an expression for   as a function of the velocity at the 
wall,  u r R , can be derived:  
  2
2L
u r R
p R

  

 (4) 
When 0 0Ru     and the no-slip boundary condition is recovered. This is the 
case in (Myers 2010), where any enhancement effect is due solely to the 
2 1/   
ratio. However, this is not sufficient to explain the high enhancements observed 
experimentally (Mattia et al. 2006b). In addition, Tolstoi’s model assumes that the 
presence of a reduced viscosity region near the wall implies a non-zero velocity at 
the wall (Blake 1990). Ruckenstein, following Tolstoi’s model, derived an 
expression for the velocity at the wall that is linearly proportional to the applied 
pressure gradient and the diffusion of fluid molecules along the surface of the tube 
(Ruckenstein and Rajora 1983):  
   s
B L
D p
u r R
k Tn L

   (5) 
where Ln is the number of molecules per unit volume in the interfacial region, sD  
is the surface diffusion and 
Bk  and T are Boltzmann’s constant and temperature, 
respectively . Recent MD simulations of surface diffusion of water in hydrophobic 
and hydrophilic slits and channels have shown that the lower the interaction 
energy between the liquid and the solid, the higher the surface diffusion. For 
example values for   9 2 12 4 10  m ssD
    have been obtained for graphene-
water and CNT-water and 9 2 11 10  m ssD
   for  hydrophilic titania-water 
systems (Park and Aluru 2010; Martí et al. 2010). Equation (5), therefore, predicts 
higher values of the velocity at the wall for water flowing through hydrophobic 
channels, as discussed earlier. 
 
In the present work it is observed that the term B Lk Tn L  
in Equation (5) is the 
energy per unit surface of the monolayer of fluid molecules at the interface with 
the solid. This energy is given by the molecular interactions between the liquid 
molecules and the tube’s wall per unit surface (Israelachvili 1991). In other words, 
it represents the solid-liquid interaction energy per unit surface, or work of 
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adhesion, aW (Harkins 1952). As a consequence, it is proposed here that the 
velocity at the wall is expressed as: 
   sR
A
D
u r R u p
W
     (6) 
Using Ru in Equation  (1) yields a parabolic velocity profile, with a non-zero 
velocity at the wall (See Appendix A). 
The work of adhesion is defined as the work necessary to separate a liquid from a 
solid to create two new interfaces (Harkins 1952; Zisman 1964): 
  1 cosA e LVW       (7) 
where e  is the film pressure of the adsorbed vapour, LV is the liquid-vapour 
surface tension and   is the contact angle, as defined by Young’s equation. 
Values for the work of adhesion can also be independently evaluated via heat of 
immersion experiments (Harkins 1952).  
The higher the value of AW , the stronger the adhesion between the solid and the 
liquid. In fact, for water on graphite e  19 mJ m
-2
 and   86°, giving AW ~ 97 
mJ m
-2
 (Mattia and Gogotsi 2008), whereas the value for a high energy, 
hydrophilic surface like titania is ~350 mJ m
-2
, and for a more hydrophobic 
material like PTFE the value reduces to ~36 mJ m
-2
 (Harkins 1952). The work of 
adhesion term is also capable of accounting for variations in the surface chemistry 
and structure of the solid wall due to its dependency on the contact angle. It is 
well established that graphitic CNTs have a contact angle of 80-86° (Mattia and 
Gogotsi 2008), and that the presence of defects on the walls of CNTs can 
significantly alter their wettability (Werder et al. 2003). In the case of the largest 
CNTs used for flow experiments,  for example, the synthesis method produces a 
turbostratic graphitic structure, with a high density of surface defects and 
functional groups (Whitby et al. 2008). This results in a reduction of the water 
contact angle in these CNTs (Mattia et al. 2006b), with a consequent increase of 
the work of adhesion. For water on the nanotubes used in (Whitby et al. 2008), 
contact angles vary between ~80° and ~40° depending on the synthesis and post-
processing treatment (Mattia et al. 2006b). Assuming e  19 mJ m
-2
 in this case 
as well, the former contact angle value yields AW  105 mJ m
-2
, while the latter 
gives AW  144 mJ m
-2
. 
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The key conclusion of Equation (6) is that the velocity at the wall is solely a 
function of the solid-liquid molecular interactions at the wall and is not a function 
of the tube characteristics or the pressure gradient. The overall velocity profile, on 
the other hand, remains a function of both (Appendix A). The proposed 
formulation is in agreement with MD observations that the high flow rates 
observed for carbon nanotubes are associated with  low interaction energies 
between water and the sp
2
 carbon structure of CNTs (Thomas and McGaughey 
2008, 2009; Thomas et al. 2010; Werder et al. 2003; Walther et al. 2004; 
Majumder and Corry 2011). In fact, a low interaction energy results in a low value 
of aW  and a high value of sD , yielding a high velocity at the wall, in agreement 
with Tolstoi’s model. 
4 Comparison with Experimental Data 
As discussed in the Introduction, the flow enhancement has been used as a 
measure of the difference in flow behavior in nanotubes compared to macroscopic 
flow. Here, it will be used to show how the proposed model fares against 
experimental and MD data. Once a solid-liquid couple has been fixed, replacing 
Equation (6) in Equation (3) yields an expression for the flow enhancement 
incorporating the proposed dependence on the solid-liquid interactions:  
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Using experimental data for pressure, channel dimensions and other relevant 
parameters, enhancement values from Eqquation (8) have been compared to 
experimental and MD literature results (Table 1). Specific values of all the 
parameters used can be found in Appendix B.  Comparison to experimental and 
MD data has been limited to cases where the nanotube diameter is above 2 nm 
(the threshold for the validity of the continuum fluid mechanics model) and values 
of the parameter required in Equations (6) and (8) are available. 
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Table 1. Comparison of calculated flow enhancement values using to experimental and MD results 
available in literature. The range of calculated enhancements is due to variations of geometrical 
and interaction parameters used (Appendix B). 
Reference 
CNT Flow Enhancement,  
R (nm) L (m) Literature Equation 10 
(Thomas and McGaughey 2009) 0.88 75*10
-3
 20±2 10-20 
(Holt et al. 2006) 1.0 2-3 560-8400 290-880 
(Thomas et al. 2010) 1.38 1 110±5 80-150 
(Majumder et al. 2005) 3.5 34-126 (43-77)*10
3 
400-3000 
(Du et al. 2011) 5 4000 (88-360)*10
3 
(23-46)*10
3 
(Whitby et al. 2008) 23±1 78±2 20-37 7-24 
 
As it can be seen in Table 1, the enhancement values calculated according to 
Equation (8) are compatible with published data except for the paper from 
(Majumder et al. 2005), which shows flow enhancements significantly higher than 
other reported values. MD simulations (Thomas et al. 2010; Thomas and 
McGaughey 2008) for the same geometrical and pressure values of (Majumder et 
al. 2005) have similarly shown significantly smaller enhancements. 
Calculations using data in Table 1 and Table 2 show that the first term of 
Equation (8) is always negligible compared to the second one, and that 
2 2
8 1s
A
DL
R W
 . Therefore Equation (8) can be simplified as: 
 1 28
s
a
DL
R W
   (9) 
This expression makes explicit the contribution to the flow enhancement of the 
tube characteristic dimensions and of the solid-liquid interaction parameters.  
When Equation (9) is used to separate the contribution of the solid-liquid 
interactions to the enhancement from those of the tube geometrical characteristics, 
a dependence of the enhancement on 
21/ R  is observed (Figure 2). This applies to 
all types of nanotubes, normalized for different lengths. This formulation explains 
why smaller nanotubes have shown higher enhancements without resorting to slip 
length values orders of magnitude larger than the tubes’ diameter (Neto et al. 
2005) or additional fitting parameters (Thomas et al. 2010; Myers 2010). The very 
close agreement with MD data (open symbols in Figure 2) is due to the fact that 
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the solid-molecular interactions effects on flow are implicit in the carbon-water 
potentials used in MD, whereas they are made explicit in Equation (6). 
 
Fig. 2 Normalized flow enhancement as a function of carbon nanotube radius (dashed curve). 
Literature enhancement ranges reported in Table 1 have been normalized for comparison: ○ - 
(Thomas and McGaughey 2009); ● - (Holt et al. 2006); ◊ - (Thomas et al. 2010); ▲ - (Majumder 
et al. 2005); ♦ - (Du et al. 2011); ■ - (Whitby and Quirke 2007). Literature values (open symbols 
for MD and full symbols for experimental) are reported as a range between minimum and 
maximum possible values.  
 
Finally, it is noted here that the complete expression of   in Equation (8) implies 
that the flow enhancement value will always be larger than one, for any tube 
radius. A similar conclusion has been suggested by MD predictions of 2   for 
250 nm diameter CNTs  (Thomas and McGaughey 2008). No measurable 
enhancement was observed for water flow measurements in carbon nanopipes 
with diameter of 300-500 nm (Sinha et al. 2007).  In this case, Equation 8 predicts 
a flow enhancement between 0.1 and 1%, below the experimental error. This 
shows why the no-slip boundary condition well reproduces velocity profiles in 
both micro and macroscale tubes.  
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5 Conclusions 
This paper attempts to make explicit in the Haagen-Poiseuille equation the effect 
on flow of the solid-liquid molecular interactions, via macroscopic quantities, the 
work of adhesion and surface diffusion. These can be measured independently 
once a solid-liquid couple has been chosen. The results show that the proposed 
model can separate the effects on flow enhancement of the tube characteristic 
dimensions and the solid-liquid molecular interactions, accurately predicting the 
effect of each component for CNTs of different sizes, wall surface chemistry and 
structure. The present model is not limited to carbon nanotubes as water, but it 
will be possible to extend it to other systems provided that values for the work of 
adhesion and surface diffusion can be measured or calculated independently. 
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Appendix A: Velocity profile equations 
The velocity profiles derived from Equations (1) using the boundary conditions in 
Equations (2) yield: 
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Using Equation (6) in Equations (1) yields a parabolic velocity profile, with a 
non-zero velocity at the wall: 
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In the bulk region, the three terms on the right hand side of the equation represent 
the no-slip solution, the non-zero velocity at the wall and the continuity term, 
respectively. In the interfacial region, only the first two terms are present. As in 
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the no-slip case, the shape of the parabolic velocity profile is a function of the 
pressure gradient, whereas the velocity at the wall is only a function of the solid-
liquid molecular interactions.  
 
Appendix B: Numerical values of parameters used for calculations in Table 1 
and Figure 2. 
 
The values of all the parameters used to calculate flow enhancements in Table 1 
and Figure 2 are reported below (Table 2). It is noted here that in the case of the 
largest CNTs considered, a higher value of the work of adhesion and a lower 
value of the diffusion coefficient have been used due to the different nature of the 
nanotube wall structure and chemistry, as described in Section 3. Variable 
viscosity values as a function of nanotube diameters have been used (Thomas and 
McGaughey 2008). The different values of the work of adhesion used are 
discussed in Section 3. 
 
Table 2. Parameter values used to calculate enhancement values in Figure 2 and Table 1. 
 ref. 
*
 values from (Park and Aluru 2010);  
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